The main purpose of the present paper is to determine the radii of starlikeness and convexity associated with lemniscate of Bernoulli and the Janowski function, (1 + Az)/(1 + Bz) for −1 ≤ B < A ≤ 1, of normalized Wright functions. The key tools in the proof of our main results are the infinite product representation of Wright function and properties of real zeros of the Wright function and its derivative.
Introduction and the main results
Let D r be the open disk {z ∈ C : |z| < r} with the radius r > 0 and let D = D 1 . Let f : D r → C be the function defined by
where r is less or equal than the radius of convergence of the above power series. Let A be the class of analytic functions of the form (1.1), that is, normalized by the conditions f (0) = f ′ (0) − 1 = 0. Let S denote the class of functions belonging to A which are of univalent in D r . A function f ∈ A is said to be starlike function if f (D) is starlike domain with the respect to the origin. It is well known fact that various subclasses of starlike function can be unified by making use of the concept of subordination. A function f ∈ A is subordinate to a function g ∈ A, written as f (z) ≺ g(z), if there exist a Schwarz function w with w(0) = 0 and |w(z)| < 1 such that f (z) = g(w(z)). In addition, we know that if g is a univalent function, then f (z) ≺ g(z) if and only if f (0) = g(0) and f (D) ⊂ g (D) . For an analytic function ϕ, let S ⋆ (ϕ) denote the class of all analytic functions satisfying 1 + zf ′ (z)/f (z) ≺ ϕ(z). By K(ϕ) we mean the class of all analytic functions satisfying 1 + zf ′′ (z)/f ′ (z) ≺ ϕ(z). It is worth mentioning that these classes include respectively several famous subclasses of starlike and convex functions. For instance, the class S ⋆ L := S ⋆ ( √ 1 + z) denotes the class of lemniscate starlike functions introduced and investigated by Sokól and Stankiewich [14] and the class K L := K( √ 1 + z) represents the class of lemniscate convex functions. Moreover, for −1 ≤ B < A ≤ 1, the class S ⋆ [A, B] := S ⋆ ((1 + Az)/(1 + Bz)) is the class of Janowski starlike functions and K[A, B] := K((1 + Az)/(1 + Bz)) is the class of Janowski convex functions [10] .
Given a class of functions M ⊂ A and a function f ∈ A, the M−radius of the function f is the largest number r with 0 ≤ r ≤ 1 such that f r ∈ M, where f r (z) := f (rz)/r. If we choose M = S ⋆ L , the M−radius of the function f , which is represented by r ⋆ L (f ), is called the radius of lemniscate starlikeness. It is indeed the largest r with 0 ≤ r ≤ 1 such that If we choose M = K L , the M−radius of the function f , which is represented by r c L (f ), is called as the radius of lemniscate convexity. It is indeed the largest r with 0 ≤ r ≤ 1 such that
, the respective M−radii, which are represented by r ⋆ A,B (f ) and r c A,B (f ), are called as the radii of Janowski starlikeness and Janowski convexity. These are respectively the largest r with 0 ≤ r ≤ 1 such that
Recently, there has been a vivid interest on some geometric properties such as univalency, starlikeness, convexity and uniform convexity of various special functions such as hyper-Bessel, Wright, q−Bessel and Mittag-Leffler functions (see [1] , [2] , [3] , [5] , [7] , [16] ). Fore more details on the radius problems, one may consult on [4] , [9] , [11] , [15] , [17] . Moreover, in [12] the authors determined the radii of starlikeness and convexity associated with lemniscate of Bernoulli and the Janowski function (1 + Az)/(1 + Bz). Motivated by the above series of papers on geometric properties of special functions, in this paper our aim is to determine the radii of lemniscate starlikeness, lemniscate convexity, Janowski starlikeness and Janowski convexity of normalized Wright functions.
Let us consider the Wright function defined as
where ρ > −1 and z, β ∈ C. This function was introduced by Wright for ρ > 0 in connection with his investigations on the asymptotic theory of partitions [18] , see also [13] for further details. Furthermore, it is important to mention that the Wright function is an entire function of z for ρ > −1. From [7] we know that if ρ > 0 and β > 0, then the function z → λ ρ,β (z) = φ(ρ, β, −z 2 ) has infinitely many zeros which are all real. Denoting by λ ρ,β,n the nth positive zero of φ(ρ, β, −z 2 ), under the same conditions the Weierstrassian decomposition
is valid, and this product is uniformly convergent on compact subsets of the complex plane. Moreover, if we denote by ζ ′ ρ,β,n the nth positive zero of Ψ ′ ρ,β , where Ψ ρ,β (z) = z β λ ρ,β (z), then the positive zeros of λ ρ,β (or the positive real zeros of the function Ψ ρ,β ) are interlaced with those of Ψ ′ ρ,β . In other words, the zeros satisfy the chain of inequalities
does not belong to A, and thus first we perform some natural normalization. We define three functions originating from φ(ρ, β, ·):
Obviously these functions belong to the class A. Of course, there exist infinitely many other normalization, the main motivation to consider the above ones is the fact that their particular cases in terms of Bessel functions appear in literature or are similar to the studied normalization in the literature. a. The radius of lemniscate starlikeness r ⋆ L (f ρ,β ) is the smallest positive root of the transcendental equation
is the smallest positive root of the transcendental equation
is the smallest positive root of the transcendental equation (1.5) and by making use of (1.6) we obtain the following equations
By means of (1.7), (1.8), (1.9), we deduce that the following inequalities
are valid for |z| < λ ρ,β,1 , ρ > 0 and β > 0. For the sake of simplicity, we consider the function z → φ ρ,β which collectively represents the functions f ρ,β , g ρ,β and h ρ,β . Suppose that r ⋆ is the smallest positive root of the equation
As a result of the equations (1.7), (1.8) and (1.9), we conclude that the zeros of the above mentioned equation for the functions f ρ,β , g ρ,β and h ρ,β coincide with those of equations, respectively
That means that the radii of lemniscate starlikeness r ⋆ L (f ρ,β ), r ⋆ L (g ρ,β ) and r ⋆ L (h ρ,β ) are the smallest positive roots of the above mentioned equations.
In order to end the proof we need to show that each of the above equations have a unique roots in (0, λ ρ,β,1 ) . To reach our aim, let us consider the functions F ρ,β , G ρ,β , H ρ,β : (0, λ ρ,β,1 ) → R defined by
Each of the above functions are strictly increasing functions of r since
Observe also that lim This means that the lemniscate starlikeness radii of the functions f ρ,β , g ρ,β and h ρ,β , denoted by r ⋆ L (f ρ,β ), r ⋆ L (g ρ,β ) and r ⋆ L (h ρ,β ), are the unique zeros of F ρ,β (r), G ρ,β (r) and H ρ,β (r) in (0, λ ρ,β,1 ) . Theorem 1.2. Let ρ > 0 and β > 0. a. The radius of lemniscate convexity r c L (f ρ,β ) is the smallest positive root of the transcendental equation
b. The radius of lemniscate convexity r c L (g ρ,β ) is the smallest positive root of the transcendental equation
c. The radius of lemniscate convexity r c L (h ρ,β ) is the smallest positive root of the transcendental equation
Proof. a. It is easy to check that
.
From [7] we have the following infinite product representations
where ζ ρ,β,n and ζ ′ ρ,β,n are the nth positive roots of Ψ ρ,β and Ψ ′ ρ,β , respectively. The logarithmic differentiation on both sides of the above relations yields
ρ,β,n − z 2 . Suppose that β ∈ (0, 1] , then 1/ν − 1 ≥ 0. In light of equation (1.10) and triangle's inequality for |z| < ζ ′ ρ,β,1 < ζ ρ,β,1 , we obtain
By virtue of equation (1.10), the above inequality yields
Moreover, due to the relation [6, Lemma 2.1]
for |z| ≤ r < a < b and 0 ≤ λ < 1 we deduce that the inequality (1.11) holds for the case when β > 1 as well. That means that the relation (1.11) is valid for β > 0 and |z| < ζ ′ ρ,β,1 . Therefore, the function f ρ,β (z) lemniscate convex for |z| < r 1 , where r 1 is the smallest positive root of
We need to show that the above equation has a unique root in 0, ζ ′ ρ,β,1 . To reach our aim, let us consider the function u ρ,β : 0, ζ ′ ρ,β,1 → R defined by
It is obvious that this function is strictly increasing for β > 0 since
Here we tacitly used the relation ζ 2 ρ,β,n ζ ′2 ρ,β,n − r 2 2 < ζ ′2 ρ,β,n ζ 2 ρ,β,n − r 2 2 for r < ζ ρ,β,n ζ ′ ρ,β,n and β > 0. Observe also that Therefore, the root is unique in 0, ζ ′ ρ,β,1 and the radius of lemniscate convexity of the function f ρ,β (z), denoted by r c L (f ρ,β ), is the unique root of the equation (1.13) in 0, ζ ′ ρ,β,1 . b. We now ascertain the radii of lemniscate convexity of normalized Wright function g ρ,β (z).
We know from [7, Theorem 5] that the Weierstrassian canonical representation of the function g ′ ρ,β (z) can be stated as
where ϑ ρ,β,n is the nth positive zero of the function g ′ ρ,β (z). The logarithmic derivation of both sides yields
By making use of the similar approach of the proof of Theorem 1.1, for |z| < ϑ ρ,β,1 we get
Therefore, it follows that the radius of lemniscate convexity r c L (g ρ,β ) is the unique positive root of the equation
. In order to end the proof we need to show that the above equation has a unique root in (0, ϑ ρ,β,1 ) . To do this, let us deal with the function v ρ,β :
Observe also lim rց0 v ρ,β (r) = −1 < 0 and lim
That means that the radius of lemniscate convexity r c L (g ρ,β ) is the unique root of equation (1.14) in (0, ϑ ρ,β,1 ) . c. From [7] we know that the infinite product representation of the function h ′ ρ,β (z) can be written as
where τ ρ,β,n is the nth positive zero of the function h ′ ρ,β . Consequently, by repeating the same calculations in the part (b), we say that the radius of lemniscate convexity r c L (h ρ,β ) is the unique root of equation stated in the part (c) of the theorem.
Janowski starlikeness and Janowski convexity of normalized Wright functions.
In this section, we focus on determining the radii of Janowski starlikeness and Janowski convexity of the normalized Wright functions f ρ,β (z), g ρ,β (z) and h ρ,β (z). Here we used the interlacing property ζ 2 ρ,β,n ζ ′2 ρ,β,n − r 2 2 < ζ ′2 ρ,β,n ζ 2 ρ,β,n − r 2 2 for r < ζ ρ,β,n ζ ′ Therefore, we say that the radius of Janowski starlikeness r c A,B (f ρ,β ) is the unique positive root of equation (1.17) in 0, ζ ′ ρ,β,1 . This is desired result. Since it can be obtained results presented in part (b) and part (c) by repeating the same calculations in the previous theorem and by keeping in view the infinite product representations of the functions g ′ ρ,β (z) and h ′ ρ,β (z) (see [7] ) we omit the proof of part b and part c.
